A Steiner quadruple system (X, B) is said to be (1, 2)-resolvable if its blocks can be partitioned into r parts such that each point of X occurs in exactly two blocks in each part.
When α = 2, the necessary condition for the existence of (1, 2)-resolvable Steiner quadruple systems RSQS(1, 2, v)s is v ≡ 2 or 10 (mod 12). Hartman and Phelps in [7] posed a question whether the necessary condition for the existence of (1, 2)-resolvable Steiner quadruple systems is sufficient. Recently, Meng et al. [12] , Zhang and Ge [15] and Meng et al. [13] have proved that the necessary condition is also sufficient but there are twenty orders that have not been determined. In this paper, we consider the last twenty orders of (1, 2)-resolvable Steiner quadruple systems and show that the necessary condition on the existence of (1, 2)-resolvable Steiner quadruple systems is also sufficient except for the order 10. Theorem 1.3. The necessary condition for the existence of an RSQS(1, 2, v), i.e., v ≡ 2 or 10 (mod 12) , is also sufficient except for v = 10.
The remainder of this paper is organized as follows. In Section 2, we obtain some results of strict resolvable s-fan H designs. In Section 3, we use the known s-fan H designs to give some results of (1, 2)-resolvable candelabra quadruple systems. In Section 4, we determine the last twenty orders of (1, 2)-resolvable Steiner quadruple systems.
Strict resolvable s-fan H designs
Let v be a non-negative integer, let t be a positive integer and K be a set of some positive integers. A group divisible t-design (or t-GDD) of order v and block sizes from K denoted by GDD(t, K , v) is a triple (X, G, B) such that (1) X is a set of cardinality v (called points), (2) G = {G 1 , G 2 , . . .} is a set of non-empty subsets of X (called groups) such that (X, G) is a 1-design, (3) B is a family of subsets of X (called blocks) each of cardinality from K such that each block intersects any given group in at most one point, (4) each t-set of points from t distinct groups is contained in exactly one block.
The type of the t-GDD is defined as the multiset {|G| : G ∈ G}.
A GDD(t, k, gn) of type g n is also called an H design and denoted by H(n, g, k, t). Mills [14] showed that for n ≥ 3, n ̸ = 5, an H(n, g, 4, 3) exists if and only if ng is even and g(n − 1)(n − 2) is divisible by 3, and that for n = 5, an H(5, g, 4, 3) exists if g is divisible by 4 or 6. Ji [8] improved these results by showing that an H(5, g, 4, 3) exists whenever g is even, g ̸ = 2 and g ̸ ≡ 10, 26 (mod 48). When g = 1, an H(n, 1, 4, 3) is just a Steiner quadruple system of order n.
An H(n, g, 4, 3) is (1, α)-resolvable, denoted by (1, α)-H(n, g, 4, 3), if its block set can be partitioned into parts (called α-resolvable classes), such that each point of the design occurs in exactly α blocks in each part. When α = 1, a (1, 1)-RH(n, g, 4, 3) is also called a resolvable H(n, g, 4, 3) and denoted by RH(n, g, 4, 3).
Theorem 2.1 ([15]).
The necessary conditions gn ≡ 0 (mod 4) , g(n − 1)(n − 2) ≡ 0 (mod 3) and n ≥ 4 for the existence of an RH(n, g, 4, 3) are also sufficient except possibly for g ≡ 4, 8 (mod 12) and n = 73, 149, or for g ≡ 0 (mod 12) and n ∈ {15, 21, 27, 33, 39, 69, 75, 87, 105, 111, 129, 147, 213, 231, 243, 321}.
Lemma 2.2 ([15]). If there exists an RH(n, g, 4, 3) and g is even, then there exists a (1, 2)-RH(n, g, 4, 3).
From Theorem 2.1 and Lemma 2.2, we obtain the following result.
Lemma 2.3.
There exists a (1, 2)-RH(4, g, 4, 3) for g ≡ 0 (mod 2).
An H(n, g, 4, 3) is called s-fan if its block set can be partitioned into disjoint subsets B 1 , B 2 , . . . , B s and A such that every B i is the block set of an H(n, g, 4, 2) for 1 ≤ i ≤ s. Every B i is also called a 1-fan.
Lemma 2.4 ([9]
). For g ≥ 4 and g ̸ = 6, 10, there exists a 1-fan H(4, g, 4, 3).
An s-fan H(n, g, 4, 3) is strict resolvable if its blocks can be partitioned into parts (called strict resolution classes) such that (1) each point of the design occurs in precisely one block in each part, (2) every resolution class contains exactly one block of every 1-fan. We will denote a strict resolvable s-fan H(n, g, 4, 3) by s-SRH(n, g, 4, 3). (4, g, 4, 3) for g ≥ 5 and g ≡ 1 (mod 2).
Lemma 2.5. There exists a g-SRH
Proof. For g ≥ 5 and g ≡ 1 (mod 2), the design is based on (
There are totally g 2 strict resolution classes. Proof. We will construct the desired design on Z 32 with groups If m ≡ 0 (mod 16) and m ̸ ∈ M, write m = 4n, where n ≥ 4, n ≡ 0 (mod 4). Applying Lemma 2.8 with a 1-SRH (4, 4, 4, 3) in Lemma 2.6 and a 1-SRH(4, n, 4, 3) above or by induction, we obtain a 1-SRH(4, m, 4, 3).
(1, 2)-RCQSs
A candelabra quadruple system of order v with a candelabra of type (g
S is a subset of X of size s, and
The set A contains 4-subsets of X , called blocks, such that every 3-subset T ⊂ X with |T ∩ (S ∪ G i )| < 3 for all i, is contained in a unique block and no 3-subset of S ∪ G i is contained in any block. The members of G are called branches or groups, and S is called the stem of the candelabra. If all groups have the same size, a CQS will be called uniform and denoted by CQS(g
2 )/(6α) parts with the following two properties:
, such that each point of X occurs in exactly α blocks in each part, then this system is called a (1, α)-resolvable candelabra quadruple system and denoted by (1, α)-RCQS(g n : s). We will denote a (1, 1)-RCQS(g n : s) by RCQS(g n : s), and call it a resolvable candelabra quadruple system. (1, α)-resolvable candelabra quadruple systems play an important role in the construction of (1, α)-resolvable 3-designs (see, for example, [6, 12] ).
We have proved in [11] that the necessary conditions on RCQS(g 3 : s) when g is even are also sufficient. In [13] , we proved that the necessary conditions on (1, 2)-RCQS(g 3 : s) when g is even are also sufficient. Proof. We will construct the desired design on Z 32 Here, the blocks in every four rows give a 2-resolution class on Z 32 Here, the blocks in the same row give a partial 2-resolution class missing G 3  {∞ 0 , ∞ 1 } by (+8 mod 32). Adding 4 to every partial 2-resolution class, we obtain another three partial 2-resolution classes missing G 3
, adding (i + 1) to these six partial 2-resolution classes missing G 3  {∞ 0 , ∞ 1 }, we obtain six partial 2-resolution classes Proof. We will construct the desired design on Z 48 Here, the blocks in every two rows give a partial 2-resolution class missing G 3
8 or 12 to every partial 2-resolution class, we obtain another nine partial 2-resolution classes missing G 3
The third part of base blocks is as follows.
{0, 7, 17, 39}, {24, 31, 41, 15}, {0, 1, 24, 25}.
The three blocks give a partial 2-resolution class missing G 2
Then, we get a partial 2-resolution class missing G i
by +(i + 2) to this partial 2-resolution class. Then, we get the desired (1, 2)-RCQS (12 4 : 2). Proof. We will construct the desired design on Z 48 : 2).
Proof. We will construct the desired design on Z 60
and a stem S = {∞ 0 , ∞ 1 }. The base blocks consist of two parts. The first part is as given below. Here, the blocks in every row give a special resolution class on Z 16 {3, 7, 10, 14}, {4, 10, 12, 14}, {6, 8, 11 , 12}.
{0,
The blocks in the first two rows give a partial 2-resolution class missing G 
For g > 4, g ≡ 0, 3, 5, 8, 9, 11 (mod 12) and g ̸ ∈ {12 × 2 n : n ∈ N}, let (X, G, B) be a 1-SRH(4, g, 4, 3) with resolution classes P 1 , P 2 , . . . , P g 2 and the groups G i = {4j 
 is the block set of a CQS((4g) 4 : 2). We need to give its required resolution classes.
2 ) just is a 2-resolution class of Y .
We have obtained 16g Proof. We first construct a 1-fan H(8, 3, 4, 3) with special resolvable property (X, G, B) on X = Z 24 with groups G i = {8j + i : j ∈ Z 3 }, i ∈ Z 8 . It consists of the following 34 base blocks. Developing all the blocks of (b)-(f) by (+2 mod 24) and blocks of (a) by +0, +2, +4, . . . , +10 will generate the required blocks. All the underlined blocks will generate all the blocks of a 1-fan. We denote the block set of the 1-fan by A. (a) {0, 1, 12, 13} Here, the blocks in (a) give a special resolution class of G 0 ∪ G 1 ∪ G 4 ∪ G 5 . In this special resolution class, every point of the block {0, 1, 12, 13} (this is a block of 1-fan) occurs once, any point of the others of G 0 ∪ G 1 ∪ G 4 ∪ G 5 occurs twice. Then adding 0, 2, 4, . . . , 10 to this special resolution class, we obtain three special resolution classes on
respectively. We denote it by P 0145 (i) and P 2367 (i), i = 0, 1, 2.
The blocks in (b) give a special resolution class of
Developing this initial special resolution class by (+2 mod 24), we obtain three special resolution classes on G i ∪ G i+1 ∪ G i+6 ∪ G i+7 for i = 0, 2, 4, 6, respectively. We denote it by P 0167 (j), P 0123 (j), P 2345 (j) and P 4567 (j), j = 0, 1, 2.
The blocks in (c) and (d) give a special resolution class of Z 24 , respectively. Developing these initial special resolution classes by (+2 mod 24), we obtain twenty-four special resolution classes on Z 24 . We denote it by P(i), where i ∈ Z 24 .
The blocks in (e) give a resolution class of
by (+8 mod 24). Then adding 2, 4 or 6 to this initial resolution class, we obtain a resolution class on
. We denote the four resolution classes by A(j), j = 1, 3, 5, 7 in order.
The blocks in (f) give a resolution class of
. We denote the four resolution classes by A(j), j = 0, 2, 4, 6 in order.
For g is even, let (X 
We first give its 42g 2 2-resolution classes.
1. The first 24g
Next, we give the 3g(3g + 2s − 3)/12 partial 2-resolution classes missing G
) is a partial 2-resolution class missing
) is a partial 2-resolution class missing 
RSQS(1, 2, v)s
In this section, we will construct the last 20 designs in Theorem 1.2. To state the following main recursive theorem for (1, α)-RSQSs, we need the notion of a (1, α)-resolvable quadruple system with a (1, α)-resolvable subsystem. Let (X, B) be an RSQS(1, α, v) with an α-resolution P 1 , P 2 , . . . , P r (v) , and let (Y , A) be an RSQS(1, α, u) with an α-resolution (1, 2, 562 
